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Invariance Principle and Uniform Invariance Principle.

Invariance Principle.
J. P. LaSALLLE,
”Some Extensions of Liapunov’s Second Method”, IRE
Transactions on Circuit Theory, p. 520-527, (1960).
ẋ = f (x),V (x), V̇ (x) ≤ 0

Uniform Invariance Principle.
H. M. Rodrigues, L. F.C. Alberto and N. G. Bretas,
Uniform Invariance Principle and Synchronization, Robustness with
respect to Parameter Variation. J. Differential Equations 169
228-254 (2001).
ẋ = f (x , λ),V (x , λ), V̇ (x , λ) may change sign.



LaSalle Invariance Principle

Invariance Principle.pdf

Figura: show an example picture



Book by H. Chiang and L. F. C. Alberto.

chiang alberto.pdf

Figura: show an example picture



Lorenz System.


ẋ = −σ x + σ y
ẏ = r x − y − x z
ż = −b z + x y

Reference Values: σ = 10, r = 28, b = 8/3.



Lorenz System. Master-slave.



ẋ = −σx + σy

ẏ = r (x + m(t))− y − (x + m(t)) z

ż = −bz + (x + m(t)) y

↓ x(t) + m(t)

u̇ = −σu + σv

v̇ = r (x(t) + m(t))− v − (x(t) + m(t))w

ẇ = −bw + (x(t) + m(t)) v

(1)



Lorenz. Synchronization Master-slave

−30 −20 −10 0 10 20 30
−40

−30

−20

−10

0

10

20

30

40

50

x

y

 

 

(x, y)
(u, v)

(a)

Figura: synchronization



Lorenz error
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Figura: difference between master and slave solutions



Lorenz. Original and Codified Signals
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Figura: original and codified signals



Lorenz. Original and Decodified Signals.
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Figura: original and recovered signals



Chua System.


ẋ = −αx + αy − α h (x , a, b)
ẏ = −x − y + z
ż = −βy − σz

h (x , a, b) = bx +
(a− b)

2
(|x + 1| − |x − 1|) . a > b and b < 1.

Reference values α = 7, β = 100, a = 8
7 , σ = 1

2 , b = 5
7 .



Master-Slave: Chua



ẋ = −αx + αy − α h (x + m(t), a, b)

ẏ = − (x + m(t))− y + z

ż = −βy − σz

↓ x(t) + m(t)

u̇ = −αu + αv − α h (x(t) + m(t), a, b)

v̇ = − (x(t) + m(t))− v + w

ẇ = −βv − σw

(2)



chua synchronization
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Figura: chua synchronization



chua original and codified signals

0 5 10 15 20
−15

−10

−5

0

5

10

15

t

 

 
x + m
m(c)

Figura: chua original and codified signals



chua original and decodified signals
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Figura: chua original and decodified signals



chen system


ẋ = −ax + ay
ẏ = −ax + cx + cy − xz
ż = −bz + xy

Reference values a = 35, b = 3, c = 28.



lorenz-chen

attractor.pdf

Figura: lorenz-chen attractors



chen master-slave systems



ẋ = −ax + ay

ẏ = (c − a)x + (c − a)y − (x + m(t)) z + a(y + `(t))

ż = −bz + (x + m(t)) y

↓ x(t) + m(t) ↓ y(t) + `(t)

u̇ = −au + av

v̇ = (c − a)u + (c − a)v − (x(t) + m(t))w + a(y(t) + `(t))

ẇ = −bw + (x(t) + m(t)) v

(3)



chen synchronization
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Figura: chen synchronization



chen original and codified signals
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Figura: chen original and codified signals



chen original and recovered signals
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Figura: chen original and recovered signals



Communication via switching systems

Master − Slave1



ẋ = −σ1x + σ1y

ẏ = r1 (x + m(t))− y − (x + m(t)) z

ż = −b1z + (x + m(t)) y

↓ x(t) + m(t)

u̇ = −σ1u + σ1v

v̇ = r1 (x(t) + m(t))− v − (x(t) + m(t))w

ẇ = −b1w + (x(t) + m(t)) v

(4)

Master − Slave2



ẋ = −σ2x + σ2y

ẏ = r2 (x + m(t))− y − (x + m(t)) z

ż = −b2z + (x + m(t)) y

↓ x(t) + m(t)

u̇ = −σ2u + σ2v

v̇ = r2 (x + m(t))− v − (x + m(t))w

ẇ = −b2w + (x + m(t)) v

(5)



Global Dissipativeness. Typical result.

ẋ = f (x , λ), x ∈ Rn, λ ∈ Λ (6)

a, b, c ∈ C (Rn,R), a(x)→∞, ‖x‖ → ∞

a(x) ≤ V (x , λ)) ≤ b(x), −V̇ (x , λ) ≥ c(x)

∃ ρ > o : Cρ := {x ∈ Rn : c(x) ≤ ρ} 6= ∅ and bounded

r > sup
x∈Cρ

b(x), Ar := {x ∈ Rn : a(x) ≤ r}

Then

I If x(t, t0, x0) is a solution of (6)
∃ t1 ≥ t0 : x(t, t0, x0) ∈ Ar , t ≥ t1

I If x(t) is a solution fo (6) bounded for ∀t ∈ R then
x(t) ∈ Ar , ∀t ∈ R.



Estimate of the attractor. Liapunov functions

Figura: chen original and recovered signals



Estimates.

Figura: chen original and recovered signals



Estimates.

Figura: chen original and recovered signals



Estimate of the lorenz attractor.

attractor.PDF

Figura: chen original and recovered signals



Estimate of the lorenz attractor.



ẋ = −σx + σy

ẏ = r (x + m(t))− y − (x + m(t)) z

ż = −bz + (x + m(t)) y

u̇ = −σu + σv

v̇ = r (x + m(t))− v − (x + m(t))w

ẇ = −bw + (x + m(t)) v

(7)

Let X = x − u, Y = y − v , Z = z − w
Ẋ = −σX + σY

Ẏ = −Y − (x + m(t))Z

Ż = −b Z + (x + m(t))Y

(8)

(X (t),Y (t),Z (t)) → 0 as t → ∞.



Liapunov function.

V (X ,Y ,Z ) =
1

2
(X 2 + σY 2 + σZ 2)

−V̇ = σX 2 − σXY + σY 2 + σbZ 2.



Thank You!




